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The time development of the association of the 1.x repressor to the operator is considered in a model where the repressor 
is allowed to bid unspecifiiQlly to DNA and move along the DNA chaii in a one&mensional diffusion_ The coupling to the 
three-dimensional diffusion outside the chain is introduced by letting the repressor associate and dissociate from the chain 
until it is fiMlly bound to the operator. All distance correlations along the chic are included. The mean time of association 
is calculated and through a corn-n with experimental data the molecular parameters ze determined. The one-dimensio- 
nal diffusion constzmt is found to be of the order of 1U-9cmz s-* _ The model is sufficiently general to be applicable to other 
similar systems. 

I_ Introduction 

The susestion that a diffusional search in a space can be considerably speeded up by confining the search to a 
subspace of lower dimensionality has recently attracted much attention [1,2] _ Biological examples would be a 
substrate finding a membrane-bound enzyme through a two-dimensional diffusion along the membrane surface, 
or a regulatory protein finding its specific site on DNA through a one-dimensional diffusion along the DNA chain. 
In this paper we will consider the latter example, and-apply it specifically to the mu& studied lac repressor- 
operator system. The experiments by Riggs and co-workers [3] have shown that the lac repressor finds its specific 
site, the operator, on DNA with a rate that is considerably higher than what would be expected from a conventio- 
nal diffusion controlled process. Richter and Eigen [4] have analyzed two possible mechanisms for this enhance- 
ment; electrostatic attraction between the repressor and the operator, and the possibility that the repressor could 
be bound (for some time at least) unspecifically to DNA and then move along DNA. They showed that the electro- 
static interaction cannot by itself explain the high association rate but that this is done by including the one- 
dimensional diffusion. In principle this is achieved 6y increasing the range of the operator from its actual length 
to an effective range which is the average distance a repressor molecule can move along DNA before dissociating. 
The idea being that a repressor coming &thin the effective range of the operator will eventually be captured. 
These calculations account well for the high association rate, but have not attempted to describe the time 
development of the association. in particular two effects were not regarded, namely the timelag while the repres- 
sor moves along the effective range of the operator to the specific site, and the fact that DNA, at distances from 
the operator larger than the effective range, will serve as a trap for the repressor and thereby reducing the associa- 
tion rate. 

In the present work we shall take these effects into account by considering the whole length of the DNA chain 
and the correlated one- and three-dimensional diffusion of the repressor molecule along and outside this chain. 
In addition to giving the complete time development of the association process, this model also correlates the 
association rate for the repressor-operator camplex with the equilibrium constant for repressor binding to non- 
operator DNA and is thereby able to provide definite values to molecular parameters like the one-dimensional dif- 
fusion constant. 



This way of facilitating a difftcult association by a restricted diffusion may be widely used in biochemical 
processes in which cases our developed model can be applied, possibly with some modification. The possibility for 
large molecules to fmd th& right positions to fit together in the best way is normally small unless mechanisms of 
the proposed kind are used. Among such cases can be mentioned: other regulatory proteins with a general affimity 
for DNA as well as for their specific DNA sites, the association of tRNA at the ribosome-mRNA complex and the 
binding of enzymes to certain places of large molecule complexes_ 

In this way, we shall begin by discussing some aspects of diffusion controlled processes in section 2 in order to 
be able to formulate the general problem in an appropriate way in section 3. There we also show how to accomplish 
a general solution for the time development of the association. In section 4 we derive and discuss the important 
time quantities and the equilibrium constant for the unspecific binding. Then, a comparison with the experimental 
data in vitro is made in section 5 and the main parameters estimated. Finally. the important features are summed 
up and discussed in section 6. 

2. Diffusion controlled processes in general; the “closed cell” approach 

Consider a reaction vessel containing particles and sinks, i.e., the places where the particles can be bound or 
absorbed. Let the initial distribution of particles and sinks be homogeneous with no sinks and co particles per 
cm3. Now, the main question is to describe the time development of the absorption process. Von Smoluchowski 
[5] solved this problem long ago for spherically shaped particles and sinks with the aid of a stationary solution to 
the diffusion equation. If there is initially an equal number of particles and sinks, rzo = CO, the probabilityg(f) 
that a sink is not fdled before time t is 

g&t) = U(n&,t+ 1) - (2.1) 

Here k,, the association rate, is given by 

k, = 4nRb , (2.2) 

where D equals the sum of the diffusion cbnstants and b, the reaction radius, equaIs the sum of the radii of the 
sinks and particles- A sink can absorb only one particle and every encounter between an empty sink and a particle 
is assumed to lead to absorption. 

If there are IV particles per sink, i.e., co = Nn, with N > 1, eq. (2.1) is changed into 

gdt)=I(l-W)exp [-~~-l)n,k,r]~/C1-_(l/N)exp[-_CN--l)no~,r]} . (2.3) 

N< 1 can be considered similarly. 
As the probability for absorption between times t and t +dt is -g’(f) dt, the mean time r for absorption is 

given by 

7=- J r&(r) dr = Jg(t) dt . 

0 0 
(z-4) 

From eq, (2.1) this yields an infmite mean time and in this case a better measure is the half time t,, defmed such 
that g1(r *,*) = l/2: 

fr/z = ‘l@a - cm 

From eq. (2.3) thE mean time is 

7iv (2.6) 

To treat the absorption onto an elongated sink like a DNA chain, Richter and Eigen 141 extended 



von Smaluchov&i’s scheme to sinks of spheroidal symmetry. This is bard.Iy a feasible method for our purpose, as 
we want to consider the diffusion absorption onto the elongated sink coupled with a diffusion along it. To this 
end &indricai coordinates are better adapted. As there is no stationary solution to the diffusion equation in 
cylindrical coordinates of the type used For spherical or spheroidal symmetry, the von Smolucha~s~ method is 
not directly applicable and we have to use a slightly different approach. In order to see the connections we first 
consider in some detail the spherically symmetrical problem. 

Fig. 1. The reguYzr spacing of the sinks (indicated by dots) and the construction of closed cells around them, as it would look in 
two dimensions and hexagonal symmetry. 

Assume that the sinks are distributed regularly such that the total volume can be fdled by equal irna~a~ cells 
constructed around each sink (fig_ 1). Every cell then has the volume no” cm3. If the number of particles equals 
the number of sinks, and the initial distribution is homogeneous, there will be, on the average, one particle in each 
cell. Assume further that the absorption process in each cell is independent of the others- Then, a particle crossing 
one of the cell walls enters the neighbour cell at a point that is equivalent to the one it Ieft in the first ceh. Thus, 
the particle could be considered as simply being reflected at the boundary and staying in one celf, and it suffices 
to consider the process in only one cell subject to the boundary condition that the flux of particles across the cell 
walls equals zero, Also because of the initial homogeneity the average number of particles going in one direction 
across the walls would be equal to the average number going in the other, and the fluxes would cancel. For sim- 
plicity, the cell can be taken to be spheres of radius R such that 4xR3/3 = r20’. This is not crucial since it is the 
size of the vofume and not its shape that is of primary importance. Let c(r, t) be the concentration of particles at 
the distance r from the center of the cell at time t. Then we have to solve the spherically symmetric diffusion 
equation 

1 ac a2c 2ac -----,...__---_a 

Dar a? r ar 
(2.7a) 

in the region b < t CR. At r = b the particle is in contact with the sink, and assuming that such a contact leads to 
immediate absorption we have the traditional boundary conditions for an ideal sink 

c(r=b, t) = 0 _ (2.7b) 

The condition of zero parMe flux across the cell w&s is equivalent to the reflecting boundary condition 

(2.7~) 

The initial condition is homogeneous 

c(r,g=t3) = ‘In = 314rrR3 I 

The solution to the eqs. (2.7) is found in standard textbooks [E;] : 

(2.76) 
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c(rr, f) = ncl A, 
sin [h,(f-6)] 

f exp (--h;Dt) , 

which for b Q R is totally dominated by the lowest h-value 

A,=@iz. 

This gives the probability that a sink is still unfilled at time t 

(2.8) 

&I = exp (--n&r) , (2.9) 

with k, as in eq. (2.2). The resuit is in agreement with eq. (2.1) only for times shorter than l/n,,k,. The discrepancy 
for locger times is due to the assumption that the cells are independent; when some sinks are filled and others are 
not, no such symmelry between the cells exists. It is important to note, however, that (29) is exactly what one 
gets with the von Smoluchowski scheme for the case where the sink can absorb an indefinite number of particles, 
i.e., the sinks do not fill up_ k(t) then being the probability that a particle is not absorbed before the time t-1 In 
this case there would be total symmetry between the cells at all times and the independence of the cells, i.e., the 
requirement of zero particle flex between them is a necessary consequence of this symmetry and the symmetry of 
the diffusion equation and its initial condition. The only questionable assumption in this case is the regular spacing 
of the sinks; seeing that this leads to exactly the same results as the traditional approach we conclude that it is 
satisfactory. This is of course what one would expect intuitively as it, in a sense, represents the average behaviour 
even for a random distribution. 

If there are IV particles per sink this ‘%losed-cell” approach gives 

s#I = l&(OP = exp(--Nn&t) , 

which for large N is in good agreement with eq. (2.3) also asymptotically. The mean time is 

(2.10) 

in good agreement with (2-6) also For relatively small N_ Especially we note that for N= 1 there is a complete agree- 
ment between the mean time (2.11) and the half time (2.5); a similarity that we will invoke further on. 

Summing up, the “closed cell” approach gives a good behaviour for times shorter than the mean time but it 
gives a good asymptotic behaviour only when there are several particles per sink in the system, or when the sinks 
are such that they do not fill up. This latter case, which describes a precipitation process or a quenching of fiuores- 
cent molecules, would in scIme cases be better covered by this approach than by the traditional one. We are there- 
fore going to use this desctiption as a starting point for the main problem. 

3. The model 

Consider an initially homogeneous distribution of particles (repressors) and sinks (operators). Every sink is 
imbedded in the middle of a long cylindrical chain (a DNA molecule), of length 2L and radius 6. 

A particle moves with a diffusion constant D in the medium and every time it encounters a chain it will be ab- 
sorbed onto it, and move along the chain with a one-dimensional diffusion constant a1 _ With the probability X dr 
it will leave the chain during the short time L?terval dt, unless it has encountered the sink in which case it would 
be permanently absorbed. What is the time development of the absorption? 

The diffusional flow of particles onto the chain, along, off and again onto the chain etc., . . . , and finally into the 
sink is a complicated coupled three- and one-dimensional diffusion. There is, however, a simple way of separating 
the movements. Let 
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u(z, r) dz = the probability that the particle is in the interval (z,z+dz) on the chain at the time t, 

fix?, f) dz df = the probability that a particle for the first time arrives at the chain in the interval 
(z,z+dz) in the time haerval (b,t+dt), 

F(z,z’, t--f) dz df = the probability that a particle leaving the chain from z’ at time t’ again returns to the 
chain in the interval (z,ztdz) and in the time interval (r, t tdr). 

For symmetry reasons we will only consider one half, 0 <Z <L, of the chain. The diffusion equation along the 
chain becomes 

au 
at =Dc az2 a2, - hu + x s” dz’ jdf F(z,z', t-r’)u(z’, t’) f G(z, f) . 

0 0 
(3.1) 

The first term on the right hand side is the change in the distribution due to the diffusional displacements along 
the chain. The second term comes from the probability that the particle dissociates from the chain. All the ccrre- 
laticns ate in the third term which describes the return to the chain of a particle that left it at some earlier time: 
the integrations make sure that a11 such returning particles are counted. The last term is the/arrival of an uncorre- 

lated particIe, i.e., one that has not been associated with :he chain previously. 
The boundary condition at z =O for an ideal sink 

u(O,t)=O. (3-Z) 

At the ends of the chain the choice of boundary condition is not crucial and we can use the simplest, reflecting 
boundaries 

(3.3) 

If there is initially no particle on the chain, we have the initial condition. 

u(z,O)=O. 

The quantity of greatest interest, the flux of particles into the sink 

(3.4) 

(3.5) 

is in principle determined by the eqs. (3.1)--(3.5) once the functions F and G are known. 
So far the formulation of the problem is quite general and independent of how the DNA chains are organized 

in space. The functions F and G can be cahxlated by considering the diffusion of particles ourside the chains 
ody, but to do this we need some specific assumptions about the chains. First we invoke the Wcsed cell” by 
assuming the chains to be straight, parallel and regularly spaced. Construct a cylinder around eachchain, with the 
chain aIcng its symmetry axis, such that the whole volume is filled by these equal imaginary cylinders. Their cross 
sections would be regular polygons (cf. fig. ! for one possibility), but For simplicity we assume them to be circles 
of radius R- If there are IZO chains per cm3 , every cylinder would ha-de the length 2L (equal to the chain length), 
the radius R and the volume 

2rLR2 =n$ _ (3.6) 

The assumption about regular spacing is not crucial; as discussed in section 2 this is, in a sense, the average 
behavicur. More important is the assumption that the chains are straight; this can be justified by the fact that a 
particle close to the chain will experience it as approximately straight, and those straying far away will Iose their 
correlations to the chain and then the assumption should not be significant. 
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I. 2. l-he whole length. 2t. of the chain b&us b) placed along the symmetry axis of a circular cylinder (radius RI. The sink 
(operator site) is supposed to be in the middle on the chain. A possible trajectory for the particle before the final absorption is 
indicated by the irregular line. 

As discussed in section 2, the symmetry between the cylinders, the ‘klosed cells”, makes it possible to consider 
the diffusion in one cylinder only. The functions F and G can now be calcuiated as foIlows: 

introduce cylindrical coordinates r and z with the z axis along the chain as before (fig. 2)_ For symmetry 

reasons the angular coordinate will not enter. Assuming that a particle which dissociates from the chain at z=zr 
and time t = 0 is “lifted” out the distance r =a from the chain axis to start anew. When and where will it return to 
the chain? 

The solution is given by the diffusion equation for the concentration c(r, z. t) of particles 

azc+!ac,&_L&=, 
ar2 r ar a,2 D at ’ 

with the boundary conditions 

ac 
az z=L I = 

0, 

ac 
iG ==o = 

0, 

(3.7) 

(3 -8) 

(3 -9) 

(3.10) 

ac 
Ffr=R= 0, 

and the initial condition 

(3.11) 

C(f. 2. t =O) =+-a)E(z-z3 . (3.12) 
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The symmetry between the cytinders, “‘closed cells”, is expressed by the reflecting boundaries (3.8) and (3.1 I). 
They are consistent with the boundary condition (3.3) on the chain. The boundary condition (3.9) is equivalent 
to demanding that the total solution is symmetric with respect to z =O. This is necessary since we zre considering 
only one half of the chain, cf. eq. (3.1); a particle entering the negative z-domain will be counted as having a posi- 
tive z-coordinate, i.e., in principle reflected at z =O. in (3.10) a parameter k is introduced which will be of the 
nature of a reaction rate [7]. Actually, Z?rDbk would be the association rate onto the chains for a homogeneous 
~t~bution of particies, i.e., when the diffusion is not the time limiting fact&r, cf. eq. (3.13). A large value for k 
corresponds to the_diffusion-limited reaction and gives essentially the boundary condition for an ideal sink, 
c(r=b) = 0. 

The introductiqn of the dissociation distance a may look somewhat artificial. In principle we could let a +b 
and the boundary condition (3.10) will ensure that a particle escaping from the chain is not immediately reasso- 
ciated. In a real situation, however, the boundary conditions are provided by the detailed features, largely un- 
known, of the potential around the chain to which (3-10) can only be an approbation. We shall keep a>& since 
this is more generai and could give a better descripjion of the dissociation. The resuIts will not be very sensitive to 
the actual choice of the parameter 11. 

The particle flux, F(z,z’, t) back to the chain which enters eq. (3.1) is now given by 

ac 
F(z,z', r) = 2nbD a, I r=b = 2TrMXc(r=6), (3.13) 

and can be &c&ted after solving eqs. (3.7)--(3.12). 
‘Fx partide flux, G(z,t), onto the chain for a particle that has not previously been associated with the chain 

can be calculated from the same equations. Only, the initial condition (3.12) should be replaced by 

c(r.z,t=O) = l 
n@- b2)L ’ 

(3.14) 

if we assume initially one particle homogeneously distributed in the cylinder. As the solution with (3.19-1 is a 
fundamental solution it is simpret to integrate 

(3.1 Y) 

wEtere the parameter o has been used as a variable distance- Eq. (3 -15) can be interpreted thus: with the homo- 
geneous initial con~tion (3.14) the particle will with the probability 2aa da/rr(@-@) start in the distance inter- 
val (a&da) from the chain; with the probability dz’1.L it will start in the interval (z’, z’f dr'). Integrating the 
fundamental solution over all z’ and a gives the solution G. 

Now, the mathematical formulation of the problem is complete. Due to the separation of the three-dimensional 
and on-dimensional diffusion we can first solve the eqs. (3.7)-(3.13) and (3.15) for F and G. They are in principle 
standard solutions which are IUIOWR f-61 - Entering them in eq. (3.1) gives an integro-differential equation which is 
also amenable to solution. To achieve a solution in closed form we have to use the Laplace transform. The 
Lapface transform 3s) of a function fct) is defined as 

F(s) = f e-sr f(t) dr . (3.16) 
0 

AU calcuIations are referred to appendix 1 where it is shown that the Laplace transform of a(t), the flux of par- 
t&es into the sink, is 
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where 

F(s) = k 
I&R! K&z) f K&zR) f&d 

II [k KO(q4b) f q Kl(qb)] f Kl(qR) Ik r0(q4b) - q ‘I( 
’ 

(3.18) 

(3.19) 

q=y$@E. (3.20) 

1, and K, are the nth order modified Bessel functions of the first and second tid respectively. 
The complete time development of the association process is now determined by the Laplace inversion of 

(3.17). 
Some interesting particular cases can be considered. For h=O, i.e., a particle cannot dissociate from the chain 

once it is caught, one gets simpfy 

g(s) = L c(s) tanh(L2s~DC)“*~~~2s~DC)“Z . (3.21) 

In summary the results above have been derived under the assumptions: 
(1) A closed cylindrical cell around each chain, giving the restrictions discussed in section 2. 
(2) Straight chains. As most of the particles dissociating from the chaiis will be reassociated fast. after small 

dispiacements only, they wilI experience the chains as approximately straight, Those straying too far will Iose 
their correlations to the chains and this assumption should not be crucial. 

(3) A particle dissociating from the chain is “lifted” out a distance a-b from the chain where it starts again, 
thereby a-b is introduced as a parameter of the order of one molecular diameter: a z 26. We can let a-t band 
have the association governed by the traditional boundary condition (3.10) or let k *m and have the association 
entirely diffusion limited. 

f4} Only one particle per sink, the general case of N (N 3 I) partic& per sink is, however, also covered by the 
results through 

. 

4. The mean times of association and the rate constants for the unspecific bind&g 

Some important results can be derived directly without the explicit inversion of the Laplace transforms. The 
following relations held 

(4.2) 

where + is the mean time of association. One easily verifies that (4.1) holds for the expression (3.17) which implies 
that the particle is absorbed in the sink with the probability 1, i.e., with c&air&y. More interesting is the c&da- 
tion of the mean time T. Taking the derivative of (3-17) with respect to s and then letting s --L 0 gives 

(4.3) 



where the quantity N is 

375 

The Perms in (4.3) can be interpreted as follows: 

is the mean time for the first arrival at the chain. 

is the mean time a particle stays outside the chain before being reabsorbed. ‘Then ff~ is the total mean time a 
particle spends off the chains and we can interpret X as the mean number of times the particle dissociates from 
the chain before the final absorption in the sink. This interpretation is also born out in the third term 

a-3 = I/X, (4.7) 

which, obviously, is the mean time a particle spends on the chain each time, as X is the molecular dissociation rate. 
A+3 is then the total mean time the particle spends on the chain before the final absorption. With the aid of (3.6) 
7 can be rewritten as 

Comparing this to eqs. (2.5) and (2.1 I) we can identify the association rate k3 

This expression then is the extension of the van Smolu~howski result (2.2). 
The association rate can be expressed in terms of the equilibrium constant, Kc, for the dissociation of particles 

from the chain. It is def’ined from the law of mass action and can be calculated by considering the particles and 
the chains as before but now without the specific sinks. 

Kc = 
[cone- of free particles] [cont. of chains] 

[cone. of particles bound to the chains] . 

In the “closed cell” one fmds an expression for Kc which is identical to 

(4.10) 

9, eq. <4.6), the mean time the particle spends off the &aim is evidently proportional to the concentration of . 
free particles. Similarliy, +r3 - ih is proportional to the concentration ofbound particles. The relation (4.10) is 
reasonable and constitutes a proof that the mean times are correctly calculated. For the cafculation of an equi- 
librium constant the assumption of a regular distribution of straight chains is totalLy insignificant as all distribu- 
tions are homogeneous in equilibrium. Thus, the ex-,ressions for Kc and r2 (~3 also, of course) are correct irrespec- 
tive of this assumption which instead enters the resuit through the factor N, eq. (4.4), the total number of visits 
to the chain. 

We can also identify the rate of the unspecific association to the chains 
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(4.11) 

Consequently, the unspecific dissociation rate is [13] 

(4.12) 

5. Comparison with experiments for the lac repressor-operator system 

There is considerable experimental evidence to support the coupled diffusion model in this system. We have 
cakulated the mean time of association, eq_ (4.3), 

In experiments at low concentrations [l], the first term contributes about 2% of the total mean time (under the 
assumption In (R/b) S- 1 /bk, i.e., a diffusion limited reaction), and we shall negkdt it hanceforth. This is equivalent 
to the assumption that the unspecific binding to the chain is equilibrated fast, which has been used successfuiiy 
before [8]. Hence 

The last equality is due to eq_ (4.10)_ We see that in form this expression is identical to that given by Lin and 
Riggs [S] as the influence of the unspecific binding enters through the factor (l+n&), or (l+DJKRD) in their 
notation. The difference being that we can interpret the association rate k, in the molecular parameters. From 
eq. (e-9) one gets 

ka = 
4iiRL 

N [In (a/b) f 1 /bk] (1 +nO/Kc) 
cm3s-t . 

Under quite general conditions (see appendix 2) the sum in eq. (4.4) for N can be approximated as 

where 7 = 0.577... is Euler’s constant. Hence 

4xD q/x 112 

ka = 1 +no[Kc [In (a/b) i I lbk] [In (2Lhb) - r-i- 1 lbk] 
cm3s-l . 

The equ~~ibriumc~nstant Kc has been measured in the units &cm3. As DNA weighs appro~mat~ly 
3 X LOP8 prg per cm of its length, we can write from (4.10) (DNA length = 2L) 

K 
C 

= AOn Wb) + *lbkl x 3 x 1o-8 pg/cm3 
2rrD 

c5.2) 

(5.3) 

G-41 

(5.5) 

The findings f3,9] under standard experimental conditions (ionic strength1 = 0.05 M) are 

ka = 7 X 109 M-f s-g = 1.2 X IO-I1 cm3 s-l , CM 

Kc = 1.4 pg/cm3 . (5.7) 

With the regular diffusion constant D = 5 X 10M7 cm2 s-l, the reaction radius b = 6 X 10m7 cm, the DNA length 
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2L = 1.6 X 1W3 cm, the DNA concentration no 4 Kc, and the assumption 1 fbk +Z In (L/b) (Le., a diffusion iimited 
reaction) we get From eqs_ (5_4)-(5_7): 

x(ln;+&)= 15Os-‘ , 

q =3 x 10-g cm2s-1 , (5.9f 

D, IA 112 

In (a/b) f i fbk 
= 4.5 x 10-e cm. (5.10) 

~~~/As’2 is a measure of the effective range of the operator, i.e., how far the repressor will diffuse along DNA 
before dissociating. The expression (5.10) gives the effective enhancement in the association rate From this in- 
creased range, i.e., a tenfold increase over the actual length of the operator. 

Even stronger support for the picture with coupled diffusion comes from the dependence on the ionic strength. 
Lin and Riggs 191 have found experimentally 

1nKc = const. f 21.5 P2, (5.1 I) 

where I is the ionic strength, Assuming that in eq. (5.5) only h[in(Q[~) f- ljfrk] depends on the ionic strength, we 
have to conclude that 

A&r (Q/b) + l&k] = const. X exp (21 .S F) , 

and in view of (6.8) 

x[ln(Qlb) f WC] = 1.2 exp(21.5 In2). (5.12) 

Then the dependence of the association rate, (5.4), on the ionic strength will be 

Ink, = const. - 4 In {I&I (Q/b) f l/bk]) = con% - 11 I”’ I (5.13) 

(We have again neglected @Kc, as rrO 6 Kc in al! the experiments reported here.) This result is in excellent agree- 
ment with the experimental finding [3] _ The slight curvature of the experimental curve could be explained by the 
decrease in the reaction radius b (in the factor [In (2~~~~) --y f l/&rc] -*‘2) with increasing ionic st rengtb through 
the shielding of the electrostatic interaction as discussed by Richter and Eigen [4] _ 

This dependence on the ionic strength of the association rate is the strongest evidence that the one-d’mensional 
diffusion along the DNA chain is indeed part of the association mechanism. This was the main argument of Richter 
and Eigen [4] also. Our calculations have shown quantitatively how this dependence a&es from the dependence 
of the unspecific binding K, on the ionic strength through the parameter h[ln(a/b) f I/bk]. We have also calcu- 
lated the one-dimensional diffusion constant that enters this mechanism. 

6. Discussion 

The a~ociation kinetics with coupled three- and onedimension~ diffusion has been described from a fairly 
simple and quite general approach. The solution is acbieved after a separation of the diffusiorud flows, each acting 
as a source and sink for the other. The precise coupling between the Rows is determined by the bounder condi- 
tion between them. The parameters describing this not exactly known boundary condition enter the result 
mainly through the combination X[ht(&~)+ I/b&] which is connected to the rate of dissociation for the un- 
specific binding to the chains, kdiss. eq. (4.12). its value is determined by the experimental data to be kass- 20 s-r 
for the ionic strength I = 0.05 M. This is the “total” dissociation rate which enters the chemical rate equations and 
the law of mass action; it is not equal to the “molecular” dissociation rate, A, which describes the dissociation of 
the molecular complex and can be followed by a more or less immediate reassociation. 



378 0-G. Berg. C. BIombetg/Asocinfion kinerics for rhe lac repressor 

The most important feature of the model is that it incorporates all correlations along the chain; a particle that 
has been unspecifically bound will always remember from where it comes after a dissociation. Jn this manner the 
entire length of the chain is important and not just the immediate neighbourhood of the operator. These correla- 
tions enter the association rate through the factor [In (2L/7rb) -r+- l/bk]rR (- 2.4 for the data used). It is to be 
expected that a random configuration of the chains will lead to a smaller influence of the distance correlations 
along the chain, which in turn would lead to a slightly lower estimate of Dr than the one presented above. For 
the low concentrations of the in vitro experiments the difference from a straight chain should give a negligible 
influence on the result, but for the relatively tight packing of DNA in a cell the situation would be different. 

The trick of considering each DNA chain as enclosed in separate cylindrical celIs (which of course is not the 
case for the in vitro experiments) has the limitations, not very serious, discussed in section 2. In addition to these 
it seems important that the iength and concentrations of chains should be such that they will not lead to a highly 
deformed cylinder, i.e., one whose Iength is much greater or much smaller than its diameter. 

On the basis on this model it is concluded that the diffusion along DNA is indeed part of the association 
mechanism in the lac repressor-operator system. The strongest evidence for this conclusion is the quantitative 
dependence of the association rate on the ionic strength which can be derived from the ionic-strength dependence 
of the unspecific binding. Moreover, the one-dimensional diffusion constant entering this mechanism is found to 
be D1 = 3 X 10eg cm2 s-l. 

h conclusion we would also like to comment on the situation in vivo where the picture seems less clear. Et 
appears that the specific binding of repressor to operator relative to the unspecific binding to DNA is too weak to 
explain the regulation of the 1~ operon (91. Also, the measurements by Jobe et al. [lo] on different mutant 
rJperators have shczvn an unexpecred c:-.rved dependence of the induction ratio on the in vitro repressor-operator 
dissociation constants. These discrepancies can be explained by the presence of a second binding site [I 11 - In a 
subsequent work [ 121 we will show this quantitatively and also consider in detail the relevant laws of mass action 

and show that they will differ for the in viva and in vitro situations. This difference originates from the fact that 
in vivo there is a collection of closed systems (cells), each with its own operator and a specified number of repres- 
sors and no exchange between them. 
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Appendix 1 

The solution of eqs. (3.7)-(3.12) is achieved through the standard separation of variables 

c(r, 2, f) = u(z, f) Iv@, r) _ 

The z-dependent part is found [6] to be 

.(z,t)=~+~R~ cos (tm.z’/L) cos (t2srri.L) exp [-Dr(t~rr/L)~] - 

(A.11 

(A-2) 

The r-dependent part, which is most easily handled in its Laplace-transformed version, is for r <a [I;] 
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x I [k q)W) f 4 KlW)l f&P) - [k &+7b) - 4 II(&)1 K&l~)‘) , (A.31 

where 4 3 T/$X 
I, and K, are the lath order modified Bessel functions of the first and second kind respectively. 
From (A.3) we can calculate the z-independent flux, y(f), of particles onto the chain. Its Laplace transform is 

C(s) = 2IrbD aw 
II &,CP) f K1(4R) f&d 

ar I r=b = 
-- 

k Il(4R)[!c Ko(4Sb) f4 K1C4b)I +Kt(qRW lo(@) -4 Ilt4b)I . 

The z-dependent flux in eq. (3.13) is equal to 

F(z, z’, t ) = cp(r) u(z, r) . 

Hence, the Laplace transform of F is 

F(z.z’,s) =z 1 S(s) c i n$l i$(s+B(nn/L)2) c0s(?2a72’/L) cos (?ZnziL) . (A-4) 

The Laplace transform @z, S) of the flux G(z, f) can be calculated through the integration of FCz, z’, s) as indi- 
cated in eq. (3.15). The result which is independent of z is 

CA..% 

Now we know all the necessary functionsentering eq. (3.1). As this equation contains a convolution integral it 
is &O most easily handled in its Laplace-transformed version which takes care of the time integral: 

4 -- sa - X2 f x s” dz’F(z, z’, s) E(z’, s) f C(S) = 0 , 
a% 
az2 0 

with the boundary conditions 

(A-6) 

iz(O,s)=O, 
z 
az I z=L = 

0. 

The flux of_particles into the sink 

(A.71 

(A-8) 

can be calculated after a tedious but straightforward solution of (A.6) and (A-7). 
An ansatz satisfying the boundary conditions (A-7) is 

(A-9) 

Entering this and the expression (A-4) into the eq. (A.6) gives 

+G$)=O, 
(A-10) 



where we have defined 

(A.1 I) 

in the expression (A-4). 
MultipIyin~ (A.6) by cos (trr’rrzfl;) and integrating from z =0 to z =t, (Partial integration over a%laz2 before 

entering the expressions (fi.9) and (A-4) and then completing the integration), gives a relation containing the 
difficult sum c,, (2n+l)&,(s)/[(2#z+1) 2 - 4&l. Similarly, multiplying (A-10) by sin [(Bz’+ 1 )na/2_L ] and inte- 
grating from ~0 to z =L gives another relation containing this sum (m’ and n’ are arbitrary Positive integers or 
zero). Out of these two relations the sum above can be excluded and after rearranghrg one gets 

x 2n’+1 1 

(2?2’+1)2-4m2 f2n’i-1)2D1nq4L2+s+h - 
(A.12) 

Multiplying (A-12) by 2n’+ 1 and summing n” from zero to infinity we can SC&~ for cz&) {2n+l)_&(~s). As 

we fur ally arrive at the expression (3.17). 
Extensive use has been made of some summation formulas which are difficult to find: 

5 l = 2 tanh (7rxi2). 
k=O (2/&1)2+x2 4 x ’ 

5 
(2iWl)2 1 x3 x t~h~~x/2) 

k=e Q&-1)2 -4m2 (2k+1)2 +x2 4 x2 f h2 ’ 

g---L.__=_ x coth(7fx) 1 

k=l@+,Z 2 x 
--_ 

2x2 

Appendix 2 

N=x 2x 

n=l Dl(nn/L)2 f X[1+(Dn2n2/L2)] ’ 

where accordiig to (3-l 8) 

~{~~2~2~~2) = 



.=zz 1 L 
--In (~n~Q/L) - y f 8 [(rim/L)))) In (a/b) -f 1 f&k 

-ln(:n~bfL)-7+1lbk+6[(nsrb/~)2] =In(2LI-irb)-r--n(f~)*1/bk’ 
. 

where 7 = 0.577... is Euler’s constant. 
As long as the sum above is dominated by the: terms for which n 4 L/b the approximation (5.3) holds. 
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